Abstract -The main purpose of this study is to present an alternative benchmarking approach that can be used by national regulators of utilities. It is widely known that the lack of sizeable data sets limits the choice of the benchmarking method and the specification of the model to set price controls within incentivebased regulation. Ill-posed frontier models are the problem that some national regulators have been facing. Maximum entropy estimators are useful in the estimation of such ill-posed models, in particular in models exhibiting small sample sizes, collinearity and non-normal errors, as well as in models where the number of parameters to be estimated exceeds the number of observations available. The empirical study involves a sample data used by the Portuguese regulator of the electricity sector to set the parameters for the electricity distribution companies in the regulatory period of 2012-2014. DEA and maximum entropy methods are applied and the efficiency results are compared.
INTRODUCTION
The evidence from the literature on incentive-based regulation in the electricity sector indicates that the size of a country's electricity sector (i.e., the number of companies in the electricity value chain) tends to influence the choice of benchmarking methods as well as the specification of the frontier model. The size of a country's electricity sector and the problems with (or lack of) data are among the reasons pointed out by national regulators who do not employ benchmarking techniques [7] . Countries with a small number of transmission and distribution companies are constrained in the choice of methods, because the limited number of similar companies is a barrier to the use of frontier benchmarking methods (e.g., [6] and [13] ).
The majority of energy regulators who employ benchmarking techniques are countries with a larger number of regulated companies (e.g., Finland, Britain and Germany). There are, however, several countries with very few regulated companies (e.g., Portugal, Slovenia and Panama) that employ benchmarking techniques using international data. The use of international data can improve the options, yet there are still advances to be made in the availability and use of international data [6] . Even using international benchmarking analysis, the size of the sample may not be enough, due to the limited number of suitable comparators that can be identified, to allow the use of certain benchmarking methods. Furthermore, an additional problem with the use of international data is the difficulty of comparing and applying data to different country contexts.
The main purpose of this study is to present an alternative benchmarking approach based on the maximum entropy (ME) principle, namely the generalized maximum entropy (GME) estimator, to set price controls within incentive-based regulation. The data sample used in this study is the data on electricity distribution companies used by the Portuguese regulator of the electricity sector (ERSE) to set the parameters for the distribution companies in the regulatory period of 2012-2014 [2] . DEA and GME are applied to the ERSE data set and the efficiency results are compared.
The remainder of the paper is laid out as follows: in Section II, a brief literature review is accomplished. In Section III, the distance function and the estimation procedures are presented. In Section IV, the data and empirical results are discussed. Finally, some conclusions are given in Section V.
II. BRIEF LITERATURE REVIEW
The most common benchmarking methods used in the electricity sector are econometric modeling, involving constrained ordinary least squares (COLS) and stochastic frontier analysis (SFA) with maximum likelihood (ML), indexing (e.g., unit costs and TFP indexes), and mathematical modeling using DEA (e.g., [11] ). There are several studies comparing the performance of several benchmarking methods in the context of regulating the electricity sector or/and using a Monte Carlo simulation study. Reference [8] discuss the effect of the choice of the benchmarking methods using DEA, COLS and SFA models applied to an international sample of 63 regional electricity distribution utilities in six European countries. One of the results of this study is that the selection of benchmarking methods, model specification, and variables (choice of inputs, outputs and environmental variables) can affect the efficiency scores, as well as the rank order of firms. Consequently, the robustness and accuracy of calculated Xfactors can be questioned. Also, frontier approaches are sensitive to shocks and errors in the data. This is particularly the case when cross-sectional data is used and benchmarking methods that do not consider stochastic error terms as the DEA and COLS [8] , [9] .
III. DISTANCE FUNCTION AND ESTIMATION
The radial input distance function is developed by [16] . For an overview of this function and its properties, please see [3] . It is defined by
where x is a N-input vector, y is a M-output vector and V(y) is the input (requirement) set for y. By definition,
The DEA model, assuming constant returns to scale (CRS), is given as
,...,
Under the hypothesis of variable returns to scale (VRS), the DEA model is similar to (2) by adding the constraint
ME estimation requires the specification of a parametric functional form for the radial input distance function. The distance function is specified as a translog. Choosing input x 1 and imposing homogeneity of degree 1 in the inputs, the distance function is given as The ME estimation, by avoiding criticisms and difficulties of DEA and SFA, appears to be a promising approach in efficiency analysis; e.g., [1] , [12] , [14] and [15] . Briefly, the GME estimator (proposed by [5] (5) and the three additivity constraints,
where ⊗ represents the Kronecker product. Additional details on the support matrices are provided next.
IV. DATA AND EMPIRICAL RESULTS
The real data used in this study is the data sample used by ERSE to set the parameters for the electricity distribution companies in the regulatory period of 2012-2014. Before discussing the data, the electricity distribution activity in Portugal is characterized briefly as well as the methodology employed by ERSE. The EDP distribution company is almost a monopolist in mainland Portugal assuring the distribution of electricity to 99% of the total population. High voltage and medium voltage electricity distribution is exclusively assured by EDP distribution; while the low voltage distribution is almost assured by EDP. The remaining consumers are served by ten small regional companies. There are two other small distribution companies, one in Azores (EDA) and one in Madeira (EEM).
ERSE employs an international data set comprising European distribution utilities with available information and suitable comparators with respect to OPEX and the main cost drivers. The main cost drivers are the number of customers, energy delivered (GWh) and the network length (Km). OPEX are controllable costs by the companies, calculated on the basis of 2009 constant prices. In the case of ESB (Ireland) and SP distribution (UK) whose year of the data is not 2009, OPEX is calculated on the basis of the inflation rate of those countries. In order to make the data among countries comparable, OPEX is calculated in US$ PPP. For further details on the data set, please see [2] .
Regarding the model specification, four models are considered specifying different returns to scale and variables specification. The four models are Network length is not an obvious measure of output since it measures a capital input. The rationale for considering it as an output is that it measures the difficulty of topology [13] . In models 1 and 3, network length is defined as an output; in models 2 and 4, network length is a fixed input. Due to the extremely small size of the sample (eleven observations), it is not possible to use COLS and ML. DEA and SFA with GME are employed in this study. DEA efficiency scores are reported in Table I . As expected, the DEA efficiency scores under VRS (models 3 and 4) are greater than or equal to the ones generated under CRS (models 1 and 2). The sensitivity of the efficiency scores is high to the specification of the network length as an output variable or a fixed input variable. The efficiency scores, under the hypothesis of CRS, decrease for nine companies and remain constant for the other two companies when the network length changes from an output variable to a fixed input. However, under VRS, the efficiency scores remain constant for six companies, decreases for three of them and increases for the remaining two. Our results are consistent with the findings in some previous studies (e.g., [4] and [8] Considering now the results from SFA with the GME estimator, and before the discussion of the estimation procedures, it is important to note that these are ill-posed models because the ratio of the largest singular value of the design matrices with the smallest singular value is very high in all of them. Additionally, the number of parameters to estimate exceeds the number of observations available in some models. Thus, given these characteristics, the use of traditional estimation techniques in SFA should be avoided and ME estimators are recommended.
The support matrices Z and A are defined by the researcher based on prior information. In this work, the supports in Z are defined through [ ]
for all the parameters of the models and the supports in the matrix A are defined by the 3-sigma rule considering the standard deviation of the noisy observations. The supports in matrix B are established accordingly to [12] , where the upper bound of each support is given by Table II . As verified with DEA, the mean values of SFA efficiency scores under VRS (models 3 and 4) are greater than the ones generated under CRS (models 1 and 2). Moreover, the efficiency scores are sensitive to the specification of the network length as an output variable or a fixed input variable. Although the rankings change across models, there are some similarities at the top and at the bottom of them: for example, SP Distribution is the most efficient company in models 1, 3 and 4, and the third in model 2; East is the second company in the four models; Sibelga is the least efficient company in models 1, 2 and 3, and the second least efficient in model 4. 
V. CONCLUSIONS
The main purpose of this study is to propose an alternative benchmarking approach that can be used by national regulators of utilities. The lack of sizeable data sets limits the choice of the benchmarking method as well as the specification of the model to set price controls within incentive-based regulation. National regulators have been facing a problem of ill-posed frontier models. Maximum entropy estimators are useful in the estimation of such illposed models, in particular in models exhibiting small sample sizes, collinearity and non-normal errors, as well as in models where the number of parameters to be estimated exceeds the number of observations available.
The empirical study involves a sample data used by the Portuguese regulator of the electricity sector to set the parameters for the electricity distribution companies in the regulatory period of 2010-2014. DEA and ME estimates of technical efficiency are compared.
The curse of dimensionality is evident from the results of the DEA models 3 and 4 where approximately 64% of the distribution utilities are fully efficient. Furthermore, models 1 and 2 give quite different results from models 3 and 4. For example, Endesa, Enel Distribuizone and Sibelga are very inefficient companies according to models 1 and 2 and become fully efficient when models 3 and 4 are employed.
Considering the SFA with the GME estimator, note that these models are ill-posed because the ratio of the largest singular value of the design matrices with the smallest singular value is very high in all of them. Additionally, the number of parameters to be estimated is greater than the number of observations. The GME results indicate that no distribution utility is fully efficient. Although the rankings of the electricity distribution companies change across models, there are some similarities at the top and at the bottom of them.
